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Abst rac t - -A  preconditioner for a system of linear equations resulting from finite element dis- 
cretization of the compressible Navier-Stokes quations in conservative ariables i presented. This 
system is nonsymmetric and the construction ofa preconditioner is based on a symmetric precondi- 
tioner for a symmetric formulation of flows in entropy variables. The algorithm is a modification of 
a block Jacobi iteration. It is combined with a GMRES procedure r sulting in an effective quation 
solver. The solver is tested on a number of numerical examples. (~) 1999 Elsevier Science Ltd. All 
rights reserved. 
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1. INTRODUCTION 
An iterative equation solver is one of essential components of algorithms for numerical flow sim- 
ulation. A simple and effective choice is the GMRES algorithm preconditioned by the simple 
iteration of the block Jacobi or Gauss-Seidel type. In [1], we presented a preconditioner of 
this kind which proved to be effective in solving systems of equations resulting from finite ele- 
ment discretizations of symmetric elliptic boundary-value problems including discretizations on 
h-adaptive meshes with significantly nonuniform distribution of mesh sizes and with elements of 
large aspect ratio. The preconditioner also proved useful in solving systems of equations corre- 
sponding to a nonsymmetric SUPG formulation of the compressible Navier-Stokes equations in 
conservative variables, however, mathematical justification of its convergence was found only for 
symmetric formulation of flow problems in entropy variables. In this work, we present a theo- 
retical analysis of a preconditioner for a nonsymmetric formulation of flow problems which is a 
close modification of the standard block Jacobi algorithm. The analysis is based on theory of 
Xu and Cai [2] which shows that an effective preconditioner M-1 for a symmetric part A of a 
given nonsymmetric operator AN = A + N is also a useful preconditioner for the nonsymmetric 
operator AN providing that it is augmented by an appropriate nonsymmetric operator P defined 
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on a coarse mesh. Such an approach allows us to avoid the major difficulty in the analysis which 
is caused by the lack of symmetry of the second-order contribution in the weak formulation. So 
far, only nonsymmetry due to the presence of the first-order terms in the operator was considered 
in the context of preconditioning in the works [3,4] of Cai and Widlund. 
Supersonic viscous flows satisfy the compressible Navier-Stokes equations 
U,, + F,(U), ,  = (K 3 (1) 
In (1), U = {~, m~, ms, e} T denotes a vector of conservative variables, density 0, momentum 
per unit volume rai, and the total energy per unit volume e. F i (U) are the Eulerian fluxes 
T 
{mi, mlmi  +6liP, m2m------Z+~2ip, (e+p)~} , i=1 ,2 ,  (2) Fi = Q Q 
where p denotes the thermodynamical pressure, p = (V - 1)~, with ~ = e - 1/2(m 2 + m2)lQ being 
the internal energy per unit volume, 7 is the ratio of specific heats at constant volume C~ and 
at constant pressure Cp, 3' = 1.4. Kij  are the viscous matrices, Kij := ~ where Fv(U, VU) cqUj ' 
denote the viscous fluxes 
F~ = {0, 71i, 7-2i, 7"ijuj + qi} T (3) 
with Tij being the viscous stresses, ~-ij = #(ui,j + uj,i - 2/36ijUk,k), qi = --~O,i is the heat flux, 
ui = mi/Q denote the velocities, and 0 = L/(QCv) is the temperature. The viscosity coefficient # 
and the heat conductivity ~ are functions of temperature 0. 
We discretize the compressible Navier-Stokes equations using a version of the SUPG method 
for conservative variables due to Aliabadi et al. [5]. The computational domain is covered by 
a mesh of quadrilateral elements K which defines a finite element space V h. I t  is assumed 
that functions from V h satisfy the homogenous Dirichlet boundary conditions. The semidiscrete 
SUPG formulation takes the form: find U(t) E V h + u0 such that 
VW E V h, 
(4) 
where u0 is any function satisfying the nonhomogenous Dirichlet boundary conditions, H is the 
data specifying the Neumann boundary conditions prescribed on Of~t C fL Ai  = OF_~a re the 3U 
Eulerian Jacobians. Coefficients Ta and Vd control the SUPG stabilizing terms and are functions 
of the current solution and of the mesh 
maxi=l,2(hi[bi[) ((AiU i)TAolAjU j ~ 1/2 
Ta = 2(C + [U. b[) ' Vd = \ (~t,iU, i)TAol~I, jU j / , (5) 
where A0 = A0(U) is a symmetrizer of the Navier-Stokes equations 
( 027 ~-1 
A0 = \~0--~] > 0 (6) 
with 7/ being the mathematical entropy function, ~ = --oln(L/Q~). In addition, b = (bt,b2) 
is a unit vector parallel to V[[U[IAol with [[UI[Aol = UTAo lU ,  hi are the dimensions of an 
element K, hi = ~z_,j=l~[v'2 [(0x)/~2~l/20~j J J . The mapping xi(~j) transforms the reference lement/~ =
[-1, 1] 2 into K. 
We simplify the second of the stabilizing SUPG terms by neglecting the term TaW,~AkU,t as it 
is a source of a very significant nonsymmetry if distribution of sizes of elements i very nonuniform. 
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The presence of this term destroys convergence of the iterative solver that we construct (comp. 
Remark 3 in the end of Section 4), on the other hand, it does not influence steady state solutions. 
By approximating U,t as (U n+l - Un)/At and considering the coefficients of (4) as functions 
of U s, we end up with the following time integration scheme. 
Given U n find U n+l E V h + u0 such that 
S (un+l ,w)  = L(W), vw e v h, (7) 
where B(-, .) and L(.) are the bilinear and linear forms 
ffl WTU dx + At/~ T 1]d~ij)U,j dx, B(U, W)  W,i (K i j  "~ TaA iA  j "~- (8) 
(9) 
+At~ WrHdS. 
L 
Coefficients of the second integral in (8) a~j := At(Kij + raA~Aj + Ud~j) are nonsymmetric, 
i.e., a~ ¢ aji. They can be, however, symmetrized as matrices Kij and Ai are symmetrizable in 
the following sense [6]: 
(KijA0) T = Kj~A0 > 0, (A~A0) T = AiA0. (10) 
Still, in this symmetric form, aij = aijA0 cannot be considered as coefficients of a regular 
elliptic operator as they are not uniformly positive definite. 
2. PRECONDIT IONING BY  A STANDARD ITERAT ION 
The system of linear equations corresponding to (7) is solved with an iterative solver. It is 
the GMRES procedure preconditioned by an iteration of the block Jacobi type. Recall that by 
preconditioning we mean replacing the original system being solved Bx = L by the modified 
system M-1Bx  = M-1L,  where M -1 is the preconditioner matrix constructed in such a way 
that conditioning of M-1B is better than conditioning of B. A class of preconditioners can be 
constructed from simple iteration methods, i.e., the procedures of the type 
x n+l = Gx n + k, (11) 
where (3 is a fixed matrix, k is a fixed vector, by setting M -1 := (I - G)B -1. In [1], a 
preconditioner of this type based on the Jacobi or Gauss-Seidel iteration was presented. It 
uses a decomposition of the original finite element mesh into a set of overlapping subdomains 
f~i, i = 1 , . . . ,  N, which are identified as supports of base shape functions of an auxiliary coarse 
mesh generated upon the original mesh. Matrix G defining the iteration is of the following form: 
N 
(~ = I -  E R:B~- IR iB,  
i=l 
(12) 
where B is the global stiffness matrix, Bij = B(¢i, Cj), with ~bi, i = 1 , . . . ,  M being the global 
base shape functions, B~ are the blocks of B corresponding to blocks of degrees of freedom 
associated with nodes contained in subdomains g~i. Restriction matrices Ri extract from the 
global vector of unknowns the degrees of freedom of fli, while matrices Ri x extend (by zeros) 
degrees of freedom of fli to the global vector. 
In works [7,8] of Dryja and Widlund, it was shown that a class of domain decomposition precon- 
ditioners of type (12) if applied to finite element discretizations of symmetric second-order lliptic 
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boundary-value problems on quasiuniform eshes results in conditioning depending exclusively 
on the decomposition of ~ into ~is. This result was generalized in [1] for meshes containing 
elements of unrestricted aspect ratio. The performance of a block Jacobi preconditioner for sym- 
metric formulation of flow problems was analysed in [9]. It was found that the condition umber 
of the preconditioned system corresponding to the symmetric form 
/~(U, W)= ~ W TAOU dx+ At ~ W~ (~(ij + fiki~'afik~ + 6 i jAo)U , jdx ,  (13) 
where I~j  = KijA0, fiki = AiA0, and Ta, ~d are the stabilizing coefficients of the symmetric 
SUPG method, depends only on the coarse mesh and solution U n. The analysis takes into 
account hat matrix I(iy is only positive semidefinite and that the remaining terms of the second 
integral are not uniformly positive definite. 
An essential problem in the practical implementation f the block Jacobi solver is generation 
of a coarse mesh for a given h-adaptive finite element mesh. A coarse mesh is generated by 
an algorithm which subdivides isotropically, i.e., into four elements, the initial elements of the 
original mesh and (recursively) all their successors resulting from these subdivisions-elements- 
sons, elements-grandsons, etc.The process is continued until the resulting elements-subdomains 
satisfy the following condition: the maximum size of the actual elements contained in a given 
element-subdomain is a fraction ql of the size of the element-subdomain or the minimum size of 
elements becomes a fraction q2 of a subdomain. 
Parameters ql, q2 E {1, 1/2, 1/4,. . .  } are specified by the user and they allow one to control 
sizes of elements-subdomains of the coarse mesh. For the details, see [1]. 
3. PRECONDIT IONING FOR NONSYMMETRIC  PROBLEMS 
Our construction of the block Jacobi preconditioner for the nonsymmetric system (7) is based 
on the results of Xu and Cal [2] which we outline below. 
We consider a system of linear equations in a finite-dimensional Hi bert space V with the scalar 
product (., .) and the norm I]" I] := (', .)1/2 
ANn = f, (14) 
where AN is a sum of two linear operators, AN = A + N. Moreover, we make the following 
assumptions. 
ASSUMPTION A.1. The mapping A : V --* V is symmetric positive definite with respect to (-, .). 
~1/2 We We introduce an additional inner product (., ")A := (A., .), and the norm ]] • ][A := (', "JA • 
assume that there is Cl > 0 such that 
I]?/,II < cxilitiIA, Vu E V. (15) 
ASSI2MPTION A.2. 
that 
The mapping N : V --~ V may be nonsymmetric and there is c2 > 0 such 
(Nu, v) < c2[[u[[ HVIIA, Yu, v E V. (16) 
ASSUMPTION A.3. There is a subspace Vo C V such that for any given u E V, there exists a 
unique Uo E 17o such that 
(ANUo,Vo) = (ANU, VO), VVO E 1'70. (17) 
This defines a linear operator P0 : V --~ 170 so that Pou := no. With this operator, we associate 
the constant 
60 := sup I[(I - P0)v[[, (18) 
IlvllA 
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where I is an identity in V. In addition, two operators are defined, A0 : V0 --* V0 and Q0 : V --* V0 
such that 
(Qou, v0) = (u, vo), (Aouo, Vo) = (ANUo, v0), 
which satisfy the identity 
AoPo = QoAN. 
Based on this, a preconditioner for AN is defined as 
MN 1 := AolQo +/3M -1, 
Vu E V, Uo,V0 C V0, (19) 
(20) 
MN1AN -= Po +/3M-1AN.  (22) 
The properties of the preconditioned operator are established in the following. 
THEOREM. (See [2].) There exist parameters e, c~, /3, and tz, depending on A0, )~1, the maximal 
and the minimal eigenvMues of M-1A,  such that, if ~o < e, 
sup IIM;1ANUlIA (MN 1ANu'u) A (23) 
u#O IlUlIA = #' inf = c~. (u, U)A 
REMARK 1. If system (14) corresponds to a finite element discretization, and if cl, c2, ~0, and A1 
are independent of the mesh, then also # and ct are independent of the mesh. 
This proves convergence of the GMRES algorithm. Recall that this procedure is used to solve 
the system of equations Tx  = y in a finite-dimensional space with an inner product [.,-] and the 
corresponding norm I1" I1~ = [',']1/2. T is not symmetric but it is positive definite with respect 
to [., .]. The initial approximate solution xo is corrected by a vector Zm from the Krylov space 
Km(ro) = span {ro,Tro, . . .  ,Tm- l ro} , (24) 
where ro = y - Txo is the initial residual. Correction zm is selected such that it minimizes the 
norm of the residual, i.e., it solves 
min Ily- T(xo + Zm)lla (25) 
zmEKm(ro)  
and the corrected iterate is x m := x 0 -Jc Zm. According to the theory of Eisenstat, Elman and 
Schulz [10], if CT = infx#o[x, Tx]/[x,x] > O, CT = sup~# 0 IITxlla/l[xlla, the norm of the residual 
rm = y - -  Txrn  is bounded by 
Ilrmlla < (1-  . m/2 --  TT/ IIr0lla. (26) 
Therefore, if we identify [-,-] = (., ")A and T = MN1AN, we find that the estimates (23) ensure 
convergence. 
REMARK 2. An optimal value of parameter/3 is found in [2] as a function of constants Cl and c2 
of (15),(16), and the eigenvalues A0 and A1,/3 = ~o/(2c~c~)~21). In practice, the preconditioner is 
effective for a relatively wide range of values of/3 and the optimal value is found in a numerical 
experiment. 
where M -1 is the preconditioner for the operator A,/3 > 0 is a parameter depending on M -1. 
This definition together with the identity (20) imply that 
(21) 
78 W. RACHOWICZ 
4. A PRECONDIT IONER FOR THE SUPG FORMULATION 
To apply the theory of the previous ection to the nonsymmetric formulation of flow problems, 
we assume that (., .) is an L 2 product, (U,W) := fnWTUdx and we define AN as follows: we 
substitute 
U = Ih(AoV), (27) 
where Ih is the Lagrangian interpolation operator, and we set 
(ANV, W) = B(Ih(hoV), W) = B(AoV, W) - S((I - Ih)(AoV), W) 
= Wn-AoV dx + W~fiijV,j dx + W iaijAo,jVdx - B((I - Ih)(AoV), W), (28) 
where ~j  = At(Kij + raAiAj + Ud6ij)A0. Note that the first two components of the right- 
hand side of (28) are symmetric and they correspond to the symmetric form /)(., .) providing 
that ~a = Ao1Ta (the form of ~a in the symmetric version of the SUPG method is actually 
more complex, however, both versions have the same basic features essential in the analysis: 
they are symmetric positive definite and uniformly bounded in f~). This permits the following 
decomposition of AN into the symmetric and nonsymmetric parts .4 and N: 
(Av, w):= £ W AoV + £ W a jV j ex, (29) 
(NV, W) := (N1V, W) + (NzV, W), 
with 
T (N1V, W) := W,iaijAo,jV,jdx, (N2V, W) := -B(( I - Ih)(AoV),W).  
Our goal is to verify the Assumptions A.1, A.2, and A.3. 
ASSUMPTION A. 1. It is trivially satisfied because 
[[U[[2=~UTUdx~_cI~UTAoUdx~_cI(AU, U)=cIllU[[2A, (30) 
since Ao is uniformly positive definite. 
ASSUMPTION A.2. We verify the assumption for both components ofN, N~, and N2. 
OPERATOR N1. Using the Cauchy-Schwarz inequality, we obtain 
W) = f wT~ijAolAo,jV dx < co IlWll A [IVl[, (31) (N1 V, 
J~ 
where 
c~ := sup (AolA0,i)7- aij (AolA0,j) • (32) 
xE~ 
OPERATOR N 2. Its explicit form is as follows: 
(N2V, W) = ~ WT( I -  Ih)(AoV)dx + ~ W~a~j[(I- Ih)(AoVl],jdx. (33) 
Consider contributions to N2 from all elements K separately. For the first component of (33), 
we have 
f~ wT( I  - Xh)(hoV)dz <_ IIWIIL~(K)I1(I -- Ih)(AoV)JlL~(~) (34) 
_< clllwllA,Kll(I- Ih)(A0V)llL~(K), 
where I1' IIA,K denotes norm I1' IIA restricted to element K. 
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Consider the second factor on the right-hand side of (34). We assume that the elements are not 
distorted, i.e., that they can be considered as images of a reference lement/~ = [0, 1] 2 through 
a mapping ¢ : K = ¢(/~) which satisfies the conditions 
C2 
IIV¢ll~,k --- C1 h, IIv¢- ll ,K _< --~-, Velements K (35) 
with C1, C2 > 0 being constants for the entire mesh. This allows us to estimate the aforemen- 
tioned factor of (34) as follows: 
<.h2 [(i/~ ~i? 4 d,)I/42 
i/2 
+ OA0 
02 ()`°9)0~ 2 2d~ 
1/2 
82j, 0 4~ 
O~i ] 
(36) 
where ~ = z o ¢ for functions z = z(x), x e K, I • I denotes the Euclidean norm of vectors or the 
consistent operator norm. In (36), we used the classical interpolation result for the error in the L 2 
norm and the Cauchy-Schwarz inequality. Since all norms are equivalent on a finite-dimensional 
space, the expressions IIVllL4(R) and II~llL4(R) can be bounded by I[~rllL~(R). This, together 
with the change of the domain of integration from/~ to K, results in 
1{(I - Ih)(AoV)I[2L=<K) S ~l,gllVll2=<g), (37) 
where 
O~I,K = C [h4 I 1 iK~j.k O2A° 4 ) -~-h2 I , ~ dx -~/KV -~xj ) OA° 4~ 1/2] . (38) 
1/2 
We can also consider significantly stretched elements (of unrestricted aspect ratio) which do 
not satisfy conditions (35). In this case, however, we must restrict the analysis to parallelogram 
elements with the minimum angle uniformly bounded from zero. For such elements, our reasoning 
is similar 
(02)`0 2 
II(/- Ih)(AoV)II~2(K) =C ~-'~ hkhz SR 
< C ~ hkh~ IVI4d~ ) 1/4.2 02)` 0 4 d~ 
0~i 0& ] ' 
0A0 2 
1/2 
-~i  d~ 
(39) 
where hk, hl are the lengths of the sides of element K. The above estimate differs from (36) 
by performing separate stimates for directions ~1 and ~2. Because of the equivalence of norms 
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on a finite-dimensional space the terms II~rllL4(n ) and II~llc4(k) can be bounded by tlVIIz:(m 
which, together with changing the domain of integration from/7/to K, leads to the result 
I1(1 lh)(AoV) 2 - I I L : (K )  
[(SK )(SK )1/2 2 1 1/2.2 02.4.0 4 s 1 <c ~ hkh~ IVl ~kh dX Op2 hp~kh~dX 
p=kJ (40) 
IVI h-~ dx) < al,KIIVIIL:(K), + 0p 
where 
ai,K =C E h4p ~ 0192 h2P ~ 019 dx . (41) p=k,l 
Next, we consider the second component of N2 in (33) 
WJa i j [ ( I  - Ih)(AoV)],j dx = W,i ai jA o [(1 - Ih)(AoV)],j dx 
<__ C3 (iKWT>igl4jW,j dx) 1/2 (iK IV[(/- Ih)(A°V)]'2 dx) 1/2 (42) 
In the above, we used the Cauchy-Schwarz inequality and we set 
ca = sup I r~Ao~a~jAo l r i l ,  (43) x612 
where r~ 6 -R 4xs are the restriction matrices defined by r l{a l , . . . ,as}  T := {al , . . .  ,a4} T, 
r2{al , . . .  ,as} T := {a5, . . . ,as} T. The first factor on the right-hand side of (42) is bounded 
by IIWNA,K. What remains is to estimate the second factor by IIVJlL2(K). Applying the classical 
interpolation result for the error in the Hl-seminorm, we obtain 
£ iv [(s- I.)(A0V)JI dx < c £ o~7 d~, (44) 
which within to the factor h 2 coincides with the estimate (36) in the L2-norm. Therefore, the 
final form of the estimate can be anticipated as (37) except for the missing factor h 2 
I IV(S - S~)(AoV)II~(K) _< ~,K I IV I I~(K) ,  (45) 
where 
Finally, consider a version 
case, we use an interpolation 
1 
lu 2 - uh l l ,~  _< 
+ 
02Ao )j2( 0A04) 1/2] 
of estimate (44) for elements of unrestricted aspect ratio. In this 
result for such elements found in [11] 
( +sin 21c°tc~ (lIC h2 iK \ Ok2] dx + h 4 iK \ al20k ] dx 
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where a is the angle between the sides of the element. Applying it to AoV, we express it as a 
sum of the following components: 
fK IV[(I Ih)(AoV)]] 2 dx < A1 + A2 + A3 + A4, (48) 
where 
AI = Ch2 iK ]O2(A°V) 20k2  fJK [ 02(A°V) 2012dx, A2 = Ch~ i_ dx, 
(49) 
A. f,< o'(*oV) ' f,< o (*oV) ' Ok201 dx, A4 = Ch 4 0120 k dx. 
The first two expressions of the above, A1 and A2, are again identical as previously considered 
terms for the error in the L2-norm in (39), except for the factors h~ and h~. For example, 
1 ( 02ko 2 ,2+ OA.o 2 O* 2~ 
AI ~ hkhl ,s~ 0~1 "~1 (~1) d~. (50) 
Therefore, the final estimate of these terms is identical as (40) except of these factors, i.e., 
where 
A1 + A2 _< ,~'2,s+ IIVII~,:(K), 
[ (1/..04)1. 1 0A0 4 e~) 1/~]. 
p=k,l 
Consider the remaining terms of (48), A3, and A4. For A3, we can write 
(51) 
(52) 
Because of the equivalence of all norms on a finite-dimensional space again the subsequent 
integrals involving * and its derivatives can be estimated by II*llc~(~/which, after changing the 
domain of integration from/(  to K, results in a bound 
## 2 A3 <_ a2,KNVIIL~(K), (54) 
where 
1/2 1/2 ~ (55) 
Analogous estimate holds for A4. 
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REMARK 3. Including in the the SUPG approximation the component ~'aWfkAkV,t of the second 
of stabilizing terms in (7) would result in the presence of a nonsymmetric first-order contribution 
TaW~AkU n+l. As the terms involving derivatives in the norm I]" II 2 = (A.,.) in (29) are 
proportional (at most) to Atr~, an estimate of this nonsymmetric contribution would be of the 
order of (Ta/At) 1/2 (in an element K). Considering the definition (5) of T a and taking into 
account hat At is in practice assumed as At = CFL • ming(hg/(C + lUl)), where CFL, the 
Courant-Fridrichs-Levy number, is limited (by stability requirements) to the range, say, 0.5-20, 
we observe that for highly nonuniform distribution of element sizes parameter (Ta/At) 1/2 could 
be very large. In practice, this is manifested by the lack of convergence ofthe GMRES procedure. 
Having obtained the estimates of element contributions to expression (33), we can finally find 
an estimate of N2. Using (34) and (42), we obtain that 
(N2V, W)  
--< C1 E I IW l lA 'K I I ( I  - -  Ih)(AoV)IIL~(K) + c3 ~ I IWIIA,KI( I  - Ih ) (AoV) IH~(K)  
K K (56) 
<_HWIIA cl II(I--Ih)(AoV)II2L:(K) +c3 K~I(I--Ih)(AoV)I2m(K) . 
Taking into account he estimates of the last factors in (34) and (42), i.e., formulae (37) and (45) 
(or (40), (51), and (54) for stretched elements), and in addition, considering formula (31) for N1, 
we obtain the required estimate of N = N1 + N2 
(NV, W) _< c211WllAIIVll, (57) 
where 
,1/2 1/2 
c2 = c0 + cl  max + (5S) 
for elements of bounded aspect ratio and 
,1/2 a '  (59) C2 : CO + Cl %axo~I,K + c3%ax ( 2,K + O~,K + OLJ2t~K)1/2 
for stretched elements. 
To verify if c2 is independent ofthe finite element mesh, first we consider asmooth solution U 
and a mesh of not too stretched elements. In this case, we can assume that U n and its first 
derivatives asyptotically approach the exact solution, and therefore, that they are uniformly 
bounded. This allows one to estimate co, Cl, al,K, Ol2,K by At ancl h. Taking into account, that 
the coefficients vd and ~-a of SUPG are of the order of h and that the true viscosity Kij is of the 
order of the viscosity constant #, the above factors and c2 can be estimated as follows: 
co ,-, x/At max(#, hma×), cl ~ 1, c3 N ~ ,  al,K "" h 2, a2,K ~ 1, (60) 
c2 ~ (At max (#, hmax)) 1/2 + area x + (At max(#, hmax)) 1/2 ~ hmax. (61) 
For a solution with shocks, we cannot assume that IVUnl is uniformly bounded: the order of 
magnitude of gradients grows as 1/h--the thickness of approximated shocks is of the order of 
element sizes h. In this case, estimates of terms defining c2 are as follows: 
At 1/2 1 
co ~ hmin ' cl ~ 1, c3 ~ hma×At, al,K ~ 1, OL2, K ", h2 ,  (62) 
and therefore, 
c2 N + 1+ (hmaxAt) 1/2 1 hmin ~ const (63) 
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providing that along shocks hmax/hmin is bounded which is satisfied in practice. Obviously, the 
value of c2 depends on the solution U n and an increase of e2 must be expected as the solution 
becomes more irregular, i.e., when shocks become stronger. 
For significantly stretched elements, the dependence of c2 on the mesh parameters i similar. 
The essential difference is the presence of the ratio hk/ht in the definition of cd' It may cause 2,K" 
a growth of c2 if, for instance, hk = const and hz ~ 0, a"  2,g ~ ¢c. To avoid such a situation we 
must impose some additional restriction relating the mesh sizes and function Ao(U'~(x)). One 
can easily see that a sufficient restriction is 
~k  n hi IVUnl, (64) 
<- Cmax(hk, ht) 
as it implies that for the last component of a~,K, we have 
hk 0Ao hk 0Ao OU n 0A0 i VUnl 
< -0-ff ok -<c-b-ff (65) 
and similarly for the second one that 
hk~t ~02A° 02A° 
<_ c2hz --O--U- T Ivun[ 2. (66) 
°u~ Such conditions eem very easy and natural Analogous restrictions must be imposed for I oi • 
to satisfy in practice: significantly stretched elements are generated in boundary layers and thus 
the stretching direction is almost perpendicular to the gradient of the solution. 
ASSUMPTION A.3. We define Vo as the/inite element space corresponding to the coarse mesh. 
Solvability of (17) is assured if the following condition is satistied: 
sup (ANuo,vo) > alluollA, Vu0 • Vo, a > 0. (67) 
voeVo,vo¢O Ilvolla 
We have 
(ANU0, V0) > (ANU0, U0) (Au0, uo) + (Nuo, uo) 
-- >__ (1 - ClC2)I[UO[[A (68) sup 
~ocVo,~o~o IlvollA llUoIIA I[uollA 
providing that c2 is sufficiently small, which can be achieved in the case of smooth solutions. 
The situation with shocks requires further analysis. In practice, solvability of (17) can be verified 
numerically. 
5. NUMERICAL  EXAMPLES 
.The GMRES solver with the block Jacobi preconditioner is tested on a number of numerical 
examples. We present he performance of the solver on solutions of high speed flows obtained 
on h-adaptive meshes. The mesh adaptation consists in subdividing elements isotropically--into 
four "elements-sons", or directionally--into wo elements. The adaptive strategy is based on 
reduction of residual error indicators and, in addition, reduction of interpolation error indicators 
for viscous fluxes in boundary layers, the details of the procedure can be found in [9]. The 
strategy generates significantly stretched elements especially in boundary layers. 
We investigate the rate of reduction of the residual per one iteration of the block Jacobi algo- 
rithm. We use the restarted version of the GMRES algorithm, i.e., after solving minimization (25) 
for m-dimensional Krylov space, the corrected solution Xm becomes a starting point for the next 
step of this procedure. In all the examples, m = 6. 
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Re= 1000 
M--3 
0oo = 80°K 
0w~ = 288°K 
Figure 1. Flow over a flat plate, M = 3, Re = 1000. An h-adaptive mesh. 
Figure 2. Flow over a flat plate, M = 3, Re = 1000. Elevation of density. 
In 'our  tests, we use a number of different coarse meshes identified by parameters ql and q2 
which control sizes of elements-subdomains. We also experiment with a few values of parame- 
ter/3 in (21). A special case/3 = o0 corresponds to the situation, when the global step of the 
preconditioner is omitted. 
We compare the convergence of the solver with the GMRES procedure preconditioned by the 
classical block J acobi iteration (12), with the norm defining optimization of corrections assumed as 
[Ix [la -- (~  x2)1/2, where x i  are the degrees of freedom. We call this version of the preconditioner 
"nons'ymmetric" while the version analysed in this work--"symmetric".  
The nonsymmetric solver is also considered with a global step: an additional term in the sum 
defining G in (12) which corresponds to updating the solution on a coarse mesh 
RoTBolRoB, (69) 
where B0 is the stiffness matrix corresponding to the coarse mesh, P~ is a matrix representing 
interpolation of the coarse mesh shape functions on the actual finite element mesh. 
The initial solutions in our tests are set as U -- 0. We report the average reduction of residuals 
per one block Jacobi iteration in 20 restarts of GMRES procedure or until this norm is reduced 
by a factor 10 -x°. 
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F igure  3. F low over  a f lat p late ,  M -- 3, Re  = 1000. Coarse  meshes .  
Tab le  1. Rates  of  convergence  for the  f low over  a f lat  p la te  prob lem.  
Mesh  ~ = 0.5 
1 
ql = 1 q2 ---- 
1 
ql = 1 q2 = - 
2 
1 
ql = ~ q2 = 1 
1 1 
ql = ~ q2 = 4 
ql ---- 1 q2 = 1 
Symmetr ic  
f l= l  #=2 ~'=5 ~=oo 
0.512 0 .502 0 .506 0 .522 0 .593 
0 .499 0 .483 0 .485 0.504 0 .556 
0 .446 0 .423 0 .446 0 .503 0 .576 
0.445 0.431 0 .452 0 .504 0 .595 
0 .547 
Nonsymmetr ic  
/:7----1 #=oc  
0.495 0 .518 
0 .489 0 .517 
0 .423 0 .499 
0 .403 0 .497 
0 .524 
We display the numerical results using nondimensional forms of characteristics of flows (fol- 
lowing [12]). The reference parameters are the free stream characteristics of the flows. 
EXAMPLE 1. Flow over a flat plate with the Mach number M =3 and the Reynolds number 
Re = 1000. 
The definition of the problem and an h-adaptive mesh are shown in Figure 1. Three levels 
of refinements were introduced to improve resolution of the shock and additional five levels 
of directional refinements were introduced in the boundary layer to resolve the viscous fluxes. 
Figure 2 presents the solution, distribution of density. In Figure 3, we show four different coarse 
meshes used in the test. Table 1 presents rates of convergence obtained for the subsequent coarse 
meshes for a few values of parameter f~. The mesh corresponding to ql -- 1 and q~ = 1 (not 
included in Figure 3) is identical with the actual finite element mesh except the region with 
the stretched elements, where such elements are collected in subdomains resulting from isotropic 
refinements (this also concerns coarse meshes with ql -- 1, q2 : 1 in the remaining examples). 
We observe that performance of the symmetric preconditioner is comparable to the nonsym- 
metric version. The optimal value of/77 is 1. 
86 W. RACHOWICZ 
M--3 
Figure 4. Inviscid flow around a cylinder, M = 3. An h-adapt ive mesh and a contour 
map of density. 
Figure 5. Inviscid flow around a cylinder, M = 3. Coarse meshes (only eight layers 
of initial e lements urrounding the cylinder are shown). 
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Tab le  2. Rates  of convergence for the  inv isc id  flow around a cy l inder ,  M ---- 3. 
Mesh  
1 
ql  ~-- 1 q2 ---- 
1 
ql  :- 1 q2 ~ 
ql = 1 q2 = 1 
Symmetr i c  Nonsymmetr i c  
~=1 f~=~ ~=1 f~=co 
0.706 0.662 0.443 0.508 
0.684 0.669 0.450 0.517 
0.517 0.430 
-- -- 2 
C 
= = 1/4 
F igure  6. F low around a cy l inder ,  M -- 8, Re = 2 • 105. An h -adapt ive  mesh  and  
two coarse meshes  ( in domain  A).  
C 
EXAMPLE 2. Inviscid flow around a cylinder with the Mach number M = 3. 
Figure 4 presents an h-adaptive mesh, the definition of the problem and a contour map of 
density. In Figure 5, we display two auxiliary coarse meshes generated with parameters ql = 1, 
q2 = 1/2, and ql = 1, q2 = 1/4. The rates of convergence are collected in Table 2. We observe 
that in this case the symmetric solver is not as good as the nonsymmetric one. Still the rates of 
convergence seem to be acceptable in practical computations. Investigation of subsequent i erates 
shows that the slowest convergence occurs along the shock. 
EXAMPLE 3. Viscous flow around a cylinder, the Mach number M = 8, the Reynolds number 
Re = 2.105 and Re = 2 • 106. 
The definition of the problem and an h-adaptive mesh are shown in Figure 6. Three levels of 
isotropic refinements were introduced to resolve shocks and 13 levels of mostly directional refine- 
ments were introduced in the boundary layer close to the cylinder (in the case of the flow with 
Re = 2.106 ,  16 levels of refinements were applied in the boundary layer; such fine approximation 
was necessary to resolve accurately viscous fluxes, the maximum heat flux underestimates the 
result obtained from the theory of thin boundary layers due to Fay and Riddel [13] by 7%). The 
mesh consists of 2600 elements (4600 elements for the flow with Re = 2 • 106). Two auxiliary 
coarse meshes were generated, they are also presented in Figure 6. The rates of convergence are 
listed in Table 3 (they are practically identical for both problems). We observe that the perfor- 
mance of the symmetric solver is very poor. Again we can verify that the slowest convergence is 
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Table 3. Rates of convergence for the viscous flow around a cylinder, M = 8, Re = 
2 .10  5 (2. 106). 
Mesh 
1 
ql ---- 1 q2 :- - 
4 
i 
q l  -~-- 1 q2 - -  - 
2 
q l  : I q2 ---- 1 
Symmetric 
3=1 3=oo 
0.897 0.904 
0.900 0.906 
0.880 
Nonsymmetric 
13=1 13=oo 
0.446 0.501 
0.459 0.506 
0.493 
Figure 7. Flow around a cylinder, M -= 8, Re = 2 • 105. Elevation of density. 
obtained exclusively along the shock--in the remaining part of the domain, including the bound- 
ary layer with stretched elements, the solution converges much faster. The convergence of the 
nonsymmetric solver is practically not affected by the presence of the strong shock. 
Figures 7 and 8 present the solution of the flow problem with Re = 2 • 105, Figure 9--the the 
flow with Re = 2.106. We observe a very rapid variation of the solution across the boundary 
layer which becomes teeper as Re increases (Figure 8b). 
EXAMPLE 4. Flow around a cylinder with an impinging shock, the Mach number M = 8, the 
Reynolds number Re = 2.105. 
Next, we consider a problem with a shock-boundary layer interaction. A cylinder is placed 
in a flow with a shock initially generated upstream by an inclined wedge. The definition of the 
problem and an h-adaptive mesh of 6400 elements are shown in Figure 10. In this problem, 
up to 19 levels of refinements were necessary in the shock-boundary layer interaction region to 
resolve viscous fluxes (the peak heat flux underestimates the experimental value of Wieting and 
Holden [14] by 25%). The maximum aspect ratio of elements in the boundary layer reaches 2000. 
Figure 10 presents also two auxiliary coarse meshes in the area of the finest mesh. The rates 
of convergence of the two iterative solvers are in this case very similar to the rates obtained in 
the previous example: about 0.9 for the symmetric solver and close to 0.5 for the nonsymmetric 
version. Again the slow convergence of the symmetric solver occurred exclusively along shocks. 
In Figures 11 and 12, we present he solution of the problem. It is characterized by a typical 
rapid variation across the boundary layer and, in addition, by a concentrated growth of gradients 
in the shock-boundary layer interaction region. 
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(b) Temperature  along the axis of symmetry  of the  flow. 
Figure 8. Flow around a cylinder, M = 8, Re = 2 • 105. 
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(d) Skin friction along the cylinder. 
Figure 8. (cont.) 
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(b) Zoom of profile (a) in the boundary layer region, magnification 16. 
Figure 9. Flow around a cylinder, M = 8, Re = 2 • 10  6.  
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(d) Skin friction along the cylinder. 
Figure 9. (cont.) 
Boo = 122.2 °K q~ = 1, q2 = 1/4 q~ = 1, q~ = 1/2 
A 
294.4OK 
M=8.03 
M=5.25 
Bo~ = 260.3°K 
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Figure 10. Flow around a cyl inder with an impinging shock, M = 8, Re = 2 - 105. 
An h-adapt ive mesh and two coarse meshes (in domain  A). 
(a) (b) 
Figure 11. Flow around a cylinder with an impinging shock, M = 8, Re = 2 • 105. 
Elevation of density: (a) in the whole computat ional  domain,  (b) in the region of the 
shock-boundary layer interaction. 
6. CONCLUSIONS 
In this work, we present he construction and theoretical analysis of a preconditioner for the 
nonsymmetric formulation of supersonic flows in conservative variables. It is a close modification 
of the standard block Jacobi iteration: we obtain it by applying a linear change of variables, 
by replacing the original (nonsymmetric) stiffness matrices in the block Jacobi method by the 
symmetrized ones and by introducing an additional nonsymmetric teration on a coarse mesh. 
The performance of the solver is satisfactory for the flows with the moderate values of the Mach 
number, it becomes very poor for hypersonic flows. This is a drawback of the algorithm, yet not 
disqualifying as the range of applications i still fairly wide. 
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Figure 12. Flow around a cylinder with an impinging shock, M = 8, Re = 2 • 10 5. 
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(d) Skin friction along the cylinder. 
Figure 12. (cont.) 
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Obviously, of the special interest is the standard (nonsymmetric) block Jacobi preconditioner, 
whose convergence does not deteriorate for flows with large values of the Mach number.  The 
analysis presented in this work should be considered as a step towards investigation of this 
algorithm. 
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